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Sinya Aoki a, Taku Izubuchi a, Junichi Noaki a, Yoshinobu Kuramashi b and Yusuke Taniguchi a
aInstitute of Physics, University of Tsukuba, Ibaraki 305-8571, Japan
bDepartment of Physics, Washington University, St. Louis, Missouri 63130, USA
We calculate one-loop renormalization factors of several quark operators including bilinear, three- and four-
quark operator for domain-wall fermion action. Since Green functions are constructed for external physical quark
fields, our renormalization method is simple and can be easily applied to calculation of any quark operators. Our
results show that these renormalized quark operators preserve several chiral properties of continuum massless
QCD, which can be understood by the property of external quark line propagator.
1. Introduction
The domain-wall formulation of the mass-
less fermion[1] was applied to the lattice QCD
(DWQCD) with a simpler form by Shamir[2,3],
anticipating superior features over other quark
formulations: no need of the fine tuning to re-
alize the chiral limit, no restriction for the num-
ber of flavors and no O(a) errors. These features
have been proved perturbatively in [4,5] and re-
sults from recent simulations to support existence
of the massless mode in the scaling region[6–9].
These advantageous features fascinate us to apply
the domain-wall fermion for calculations of weak
matrix elements sensitive to the chiral symmetry
such as BK and other B parameters. In order
to convert several quantities obtained by lattice
simulations to those defined in some continuum
renormalization scheme(e.g.,MS), we must know
the renormalization factors[10]. In this article we
summarize our perturbative results of renormal-
ization factors for the quark propagator, the bi-
linear, three- and four-quark operators consisting
of physical quark fields, together with the pertur-
bative understanding of the chiral properties.
2. Action and operators
We adopt the Shamir’s action[2] in this arti-
cle with the extra fifth dimensional length set to
∗Talk presented by Y. Taniguchi
N → ∞. In the DWQCD the massless fermion
is expressed by the “physical” quark field defined
by the boundary fermions
q(n) = PRψ(n)1 + PLψ(n)N ,
q(n) = ψ(n)NPR + ψ(n)1PL (1)
with a projection matrix PR/L = (1 ± γ5)/2. We
will construct the QCD operators from this quark
fields. The bilinear quark operator is given by
OΓ = qΓq, Γ = 1, γ5, γµ, γµγ5, σµν (2)
and the three-quark operator becomes
OPD = ε
abc
(
(qC1 )
aΓX(q2)
b
)
(ΓY (q3)
c),
ΓX ⊗ ΓY = PR,L ⊗ PR,L, (3)
where qC is a charge conjugated field and a, b, c
are color indices. The four-quark operator is
O±=
1
2
[
(q¯1γ
L
µ q2)(q¯3γ
L
µ q4)± (q¯1γ
L
µ q4)(q¯3γ
L
µ q2)
]
,
O1=−CF (q¯1γ
L
µ q2)(q¯3γ
R
µ q4)
+(q¯1T
AγLµ q2)(q¯3T
AγRµ q4),
O2=
1
2Nc
(q¯1γ
L
µ q2)(q¯3γ
R
µ q4)
+(q¯1T
AγLµ q2)(q¯3T
AγRµ q4),
γR,Lµ = γµPR,L, (4)
where TA is a generator of color SU(Nc) group.
23. One loop calculation
We calculate the one loop corrections to the
quark propagator and the quark operators de-
fined in the above. The point is that our cal-
culation is done in the Green functions consisting
of the “physical” quark fields only; 〈qq〉, 〈OΓqq〉,
〈OPDq
C
1 q2q3〉, and 〈O±,1,2q1q2q3q4〉, where the
external quark line plays an important role. In
general the fermion propagator SF (p)st in the
DWQCD has a complicated form, which connects
different five dimensional indices s, t. However
the external line propagator, connecting bound-
ary fermion with some flavor index takes simple
form at the physical scale of the external quark
momentum and mass:
〈q(p)ψ(−p)s〉=Sq(p) [ξeL(p)s − ξoR(p)s] ,
〈ψ(p)sq(−p)〉= [R(p)sξe − L(p)sξo]Sq(p), (5)
where ξe/o are analytic even/odd functions of the
momentum and mass[5]. The quark propagator
in the continuum, Sq, is given by
Sq(p) =
1− w20
ip/+ (1− w20)m
, (6)
where 1 − w20 = M(2 − M) is a overall factor,
which indicates the overlap between the normal-
ized massless fermion mode and the boundary
fermion at tree level. The flavor-index depen-
dence only shows up in the factors
L(p)s= e
−α(p)(N−s)PR + e
−α(p)(s−1)PL,
R(p)s= e
−α(p)(s−1)PR + e
−α(p)(N−s)PL, (7)
where α(p) is an even function of p.
With help of (5), the one loop correction in the
DWQCD can be written in the same form as in
the continuum calculation. For example, the one
loop correction to the quark propagator is given
by
〈q(p)q(−p)〉1 = Sq(p)Σq(p,m)Sq(p), (8)
which is same as that in the continuum, except for
the overall factor 1−w20 . The peculiar feature in
the DWQCD is that the Dirac mass M is renor-
malized additively and the overall factor 1 − w20
is shifted by the quantum correction. Therefore
we need renormalization factor Zw for w0, which
turns out to be
Zw = 1 +
g2CF
16pi2
zw. (9)
By evaluating the quantum corrections Σq for
each Green functions and summing up all the
flavor dependence together with Ls and Rs, we
get renormalization relations for various quanti-
ties. The bare quark wave function and mass on
the lattice are connected multiplicatively with the
renormalized ones in the MS scheme at scale µ,
by renormalization factors Z2 and Zm,
Z2(µa) = 1 +
g2
16pi2
CF
[
− log(µa)2 + z2
]
, (10)
Zm(µa) = 1 +
g2
16pi2
CF
[
−3 log(µa)2 + zm
]
. (11)
The renormalization factor of the bilinear quark
operator becomes
ZΓ(µa) = 1 +
g2CF
16pi2
[
x2(Γ) log(µa)
2 + zΓ
]
,
x2(Γ) = 3(S), 3(P ), 0(V ), 0(A),−1(T ), (12)
and the three quark operator is renormalized with
ZPD(µa) = 1 +
g2
16pi2
[
(
3(Nc + 1)
Nc
−
3
2
CF
)
log(µa)2 + zPD
]
. (13)
The renormalization factors of the four-quark op-
erator is given as follows for F = ±, 1, 2.
ZF (µa) = 1 +
g2
16pi2
[
(δF − 2CF ) log(µa)
2 + zF
]
,
(14)
where δF is a Nc dependent numerical factor[10].
The finite parts of the renormalization factors z2,
zm, zw, zΓ, zPD, zF are given in our previous
paper [10] for various M , with and without mean
field improvement.
4. Chiral properties
Now we notice the relation ZS = ZP = Z
−1
m
and ZV = ZA [10], which suggest that the chiral
3Ward-Takahashi identity holds exactly. We can
also see that the three- and four-quark operators
can be renormalized without any operator mix-
ing between different chiralities. These facts sug-
gest that the good chiral properties of the physi-
cal Green functions are preserved also at one loop
level as in the tree level. Furthermore it can be
shown that the O(a) errors automatically vanish
in the renormalization factors at any loop level
in the perturbation theory [5]. These superior
features can be understood by the peculiar form
of the external line propagator. The important
point is that the even and odd function ξe/o is
separated with different damping factor Ls and
Rs in the propagator (5).
We consider the half-circle diagram of quark
self-energy correction (Fig. 2b of Ref. [5]) as an
example. The external line factor [ξeL(p)s −
ξoR(p)s], multiplied by a single gluon interaction
vertices V (1)(p, k)st, becomes
[ξeLs − ξoRs]V
(1)
st = (uoLt + ueRt), (15)
where uµe and uµo are even and odd function. In
this operation the combination of the even and
odd functions with the damping factors L,R is
flipped, however the structure that the even and
odd function is separated with L and R is not
changed. Then this factor is multiplied to the
internal fermion propagator SF (p)st,
(uoLt + ueRt)(p)SF (l)st
= foL(p)t + hoL(l)t + feR(p)t + heR(l)t, (16)
which does not change the even-odd combination
but only shift the damping ratio. After being
multiplied to another interaction vertex and the
even-oddness being flipped, the factor meets with
the damping factor [Rsξe − Lsξo] from the other
external fermion line and the flavor dependence
is summed over,
(ueLs + uoRs)(Rsξe − Lsξo). (17)
In this summation only the LsLs and RsRs com-
bination gives nonzero even contribution and the
result becomes definitely odd function in terms
of the external quark momentum and mass. The
above argument can be applied to other diagrams
in any loop level and we can easily show that the
quark self-energy Σq in (8) is an odd function. If
we expand Σq in terms of quark momentum and
mass keeping the logarithmic dependence in the
coefficients, the leading term and the next to next
to leading term, which correspond to the additive
mass correction and the O(a) errors, vanish au-
tomatically.
Finally we will see how Zs = Zp and ZV = ZA
is obtained in perturbation theory. For massless
quarks the fermion propagator and the interac-
tion vertex take the following forms:
SF = γµxo + xe, V
(1) = γνye + yo, (18)
where xe, ye and xo, yo are even and odd func-
tions. Since one loop corrections to bilinear oper-
ators are written as voΓvo with odd functions vo,
γ5 in one loop diagrams of the axial vector cur-
rent and the pseudo scalar density can be moved
outside without changing integrands:
γ5SFV
(1) → γ5 (γµγνxoye + xeyo)
= (γµγνxoye + xeyo) γ5. (19)
This implies ZS = ZP and ZV = ZA.
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